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1. Muc tiéu: - Hé thong nhitng khai niém, tinh chat co ban ciia diém bat
dong chung cho anh xa tuong thich yéu théa man diéu kién (B) suy rong va
khong gian ki¢u-métric.

- Chi tiét héa mot s6 vi du va tinh chat cta diém bat dong chung cho
dnh xa tuong thich yéu thoa man diéu kién (B) suy rong va khong gian
kiéu-métric.

- Thiét lap va ching minh dinh 1i diém bat dong chung cho hai anh xa co
théa man diéu kien (B) suy rong trong khong gian ki¢u-métric.

2. No6i dung chinh:

- Mot s6 khai niem va kién thic chuan bi

- Dinh I diém bat dong cho hai dnh xa théa man diéu kién (B) suy rong
trong khong gian kiéu-métric.

3. Két qua chinh dat dudc (khoa hoc, ttng dung, dao tao, kinh
té - xa hai,...):

- Heé théng nhitng khai niém, tinh chat co ban cia diém bat dong chung
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cho anh xa tuong thich yéu théa man diéu kien (B) suy rong va khong gian
kiéu-métric.

- Chi tiét héa mot s6 vi du va tinh chat cta diém bat dong chung cho
anh xa tuong thich yéu théa man dicu kién (B) suy rong va khong gian
kiéu-métric.

- Dinh i diém bat dong chung cho hai 4nh xa co thoa méan diéu kién (B)
suy rong trong khong gian kiéu-métric.

- Mot bai viét in trong Ki yéu Hoi nghi sinh vién nghién citu khoa hoc
nam 2013, Truong Dai hoc Dong Thap va mot ban thao bai bao khoa hoc da
gui dang.
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1. Objectives:

- to system basic notions and properties of common fixed point theorems of
weakly compatible maps satisfying generalized (B)-conditions in metric-type
spaces

- to prove explicitly some examples and properties of common fixed points
of weakly compatible maps satisfying generalized (B)-conditions in metric-
type spaces

- to state and prove common fixed point theorems and construct examples
of two maps satisfying generalized (B)-conditions in metric-type spaces.

2. Main contents:

- Preliminaries

- Common fixed point theorems of two maps satisfying generalized (B)-
conditions in metric-type spaces.

3. Results obtained:

- A review on basic notions and properties of common fixed point theorems

of weakly compatible maps satisfying generalized (B)-conditions in metric-



vi

type spaces

- The proofs explicitly of some examples and properties of common fixed
points of weakly compatible maps satisfying generalized (B)-conditions in

metric-type spaces

- Common fixed point theorems and examples of two maps satisfying gen-

eralized (B)-conditions in metric-type spaces.

- An article published in Proceeding of the 2013 Science Research Confer-

ence of Dong Thap Uiversity’s students and a submitted manuscript.

Coordinator

Nguyén Thi Anh Nguyet



MO DAU

1 Tong quan tinh hinh nghién citu

Dinh Ii diém bat dong Banach dbi v6i cac anh xa co trén khong gian métric
day du 1d mot két qua noi bat clia toan hoc [4]. Sau khi duge Banach ching
minh, dinh lf diém bat dong déi véi cac anh xa co trd thanh mot trong nhing
van dé thu hat dude rat nhiéu nha toan hoc quan tam nghién citu. Cac dinh
li diém bat dong dugc nghién citu phong phit cho nhiéu kiéu anh xa, trén
nhiéu loai khong gian khac nhau.

Nam 1968, R. Kannan [14] da chiing minh dinh 1i diém bat dong cho anh
xa thoa man diéu kien co ma khong doi héi tinh lién tuc tai mdi diém. Bai
bdo nay 1a co s6 cho mot sé lugng 16n cac bai viét vé diém bat dong trong
thoi gian qua. Nam 1982, S. Sessa [22] da nghién cttu 4nh xa giao hoan yéu.
Nam 1986, G. Jungck [12] da tong quét cac khai niem giao hoan yéu bing
cach gi6i thieu anh xa tuong thich va dnh xa tuong thich yéu vao nam 1996
[13].

Nam 2010, M. A. Khamsi da gi6i thiéu mot khai niém métric suy rong mdéi
goi la kiéu-métric va thiét lap dugc mot s6 diem bat dong chung trong khong
gian nay. Nam 2011, trong bai béo [1], cac tac gid da chiing minh sy ton tai
ciia diém bat dong chung cho hai anh xa tuong thich yéu théa man diéu kién
(B) suy rong trong khong gian métric. Két qua dé 1a su tong quat két qua
cia M. A. Al-Thagafi, N. Shahzad [3] va G. V. R. Babu, M. L. Sandhya va
M. V. R. Kameswari [6].



o) trong nudc, huéng nghién citu vé dinh 1f diém bat dong trén khong gian
métric suy rong ciing dude mot so6 tdc gid quan tam nghién ciiu. 0 Truong
Dai hoc Hong Diic, cac tac gid da quan tam dén dinh 1i diem bat dong trén
khong gian métric sap tht tu va ap dung [18], [19]. O Trudng Dai hoc Vinh,
cac tac gid quan tam dén mot s6 dang maé rong cu thé cia dinh 1f co. Nam
2012, K. P. Chi va cic cong sit da thiét lap va chiing minh Dinh li co Meir-
Keeler dya trén cac 16p dnh xa T-co [7], T. D. Thanh va céc cong sy da
chitng minh diém bat dong cho 16p anh xa théa man diéu kien co Ciric [15].
O Truong Dai hoc Ddng Thap, cac téc gid quan tam dén mot sé dang dinh
Ii diém bat dong tren khong gian métric v khong gian métric suy rong [5].
Nam 2013, N. V. Dung da chting minh dinh li diem bat dong chung kép cho
dnh xa don diéu yéu hén hop trong khong gian S-métric sap thi tu [8]. Gan
day, N. T. Hiéu va cac cong sy da md rong két qua ctia K. P. Chi trong [7],
xem [10]; N. V. Dung v& cong si da chitng minh duge dinh 1i diém bat dong

trong khong gian S-métric [21].

2 Tinh cap thiét cua dé tai

T tinh hinh nghién citu 6 trong va ngoai nude, chiing toi dit van dé tuong
tu hoa nhiing két quéa doéi v6i khong gian métric trong bai béo [1] cho khong
gian kiéu-métric.

Viéc nghién cttu dé tai nay sé gép phan giai quyét van dé diem bat dong
chung cho anh xa suy rong trong khong gian kiéu-métric. Dé tai ciing gép
phan nang cao chat lugng hoc tap va nghién citu cac mon hoc Giai tich trong

chuong trinh Dai hoc Su pham nganh toan.



3 Muc tiéu nghién ctu

- He théng nhitng khai niém, tinh chat co ban ctia diém bat dong chung
cho anh xa tuong thich yéu théa man diéu kien (B) suy rong va khong gian
kiéu-métric.

- Chi tiét héa mot s6 vi du va tinh chat ctia diém bat dong chung cho
dnh xa tuong thich yéu théa man diéu kién (B) suy rong va khong gian
kiéu-meétric.

- Thiét lap va chting minh dinh li diém bat dong chung cho hai anh xa
théa man diéu kién (B) suy rong trong khong gian kiéu-métric va xay dung

vi du minh hoa cho két qua dat dugc.

4 CAch tiép can va phuong phap nghién ciu

Cach tiép can: Nghién citu tai lieu, bang cich tuong tir hod nhitng két qua
da c6 de xuat két qui méi.

Phuong phap nghién ctu: Nghién cttu tai liéu, nim vitng nhitng két qua
da ¢, sau do6 trinh bay truéc nhéom thao luan. Cung véi sy huéng dan cia

gidng vien, sinh vién dé xuat su tuong tu hoa va chiing minh.

5 Do6i tuong va pham vi nghién citu

Dé tai nghién ctu diém bat dong chung cho hai &nh xa co théa méan diéu

kien (B) suy rong trong khong gian kiéu-meétric.



6 NOi dung nghién citu

Dé tai nghién ctu mot s6 vi du, tinh chat clia diém bat dong chung cho
dnh xa tuong thich yéu théa man diéu kién (B) suy rong va dinh 1f diém bat
dong chung cho hai anh xa co théa man diéu kién (B) suy rong trong khong
gian ki¢u-métric.

Ngoai Muc luc, Md dau, Két luan va kién nghi, Tai lieu tham khao thi noi
dung chinh ctia dé tai dugc trinh bay trong 2 chuong.

Chuong 1: Kién thtc chuan bi

Chuong 2: Dinh Iy diém bat dong chung cho hai 4nh xa suy rong trong

khong gian kiéu-métric va ap dung.



CHUONG 1

KIEN THUC CHUAN BI

1.1 Anh xa tuong thich yéu théa man diéu kién (B)
suy rong trong khong gian métric
Trong muc nay, ching toi trinh bay nhing kién thic co ban vé anh xa
tuong thich yéu thoa man dieu kién (B) suy rong trong khong gian métric.

1.1.1 Dinh nghia ([1], Definition 1.1). Cho (X, d) 14 mot khong gian métric.
Anh xa T : X — X duge goi 1a mot dnh za hau co lien két v6i anh xa

f: X — X néu ton tai hang s6 § € (0,1) va L > 0 sao cho
d(Tz,Ty) < 6d(fx, fy) + Ld(fy,Tx)

v6i moi x,y € X.

1.1.2 Pinh nghia ([6]). Cho (X,d) la mot khong gian métric. Anh xa T :
X — X dugc goi la théa man diéu kién (B) néu ton tai hang s6 § € (0, 1)

va L > 0 sao cho

d(Tx,Ty) < 0d(x,y) + Lmin {d(z, Tx),d(y, Ty),d(z, Ty),d(y,Tz)} (1.1)
v6i moi z,y € X.
1.1.3 Dinh nghia ([1], Definition 1.6). Cho hai anh xa f,7: X — X.

(1) Diém x dugc goi la diém trung cta f va T néu Tz = fux.



(2) Cap (f,T) dudc goi la tuong thich yéu néu f va T giao hoan tai diém
tring clia ching, nghia 1a, néu véi moi x € X, Te = fa thi fTx =T fx.

(3) Gia tri y duoc goi 1a gid tri trung ctia f va T néu ton tai z € X sao cho

y="Tx= fx.

(4) Diém x dudc goi 1a diém bat dong chung cta f va T néu x = Tz = fux.
1.1.4 Bé dé ([2], Proposition 1.4). Gid st f,T : X — X c6 mot gid tri
trung duy nhat trén X. Khi dé néu cap (f,T) la tuong thich yéu thi f va T
¢ diém bat dong chung duy nhat.

1.1.5 Pinh nghia ([1], Definition 1.8). Cho (X, d) la mot khong gian métric,
f,T: X — X la hai anh xa thoa man 7'(X) C f(X). Chon z; € X sao cho
fx1 = Txy. Diéu nay duge thyc hien tut T(X) C f(X). Tiép tuc qué trinh

nay, ta chon x;.1 € X sao cho
flEk+1 = Txk;,k = 0, 1,2, NP
Day {fw,} dugc goi 1a T-day v6i diém bat dau la .

1.1.6 Dinh nghia ([1], Definition 1.9). Cho (X, d) 1a mot khong gian métric.
Anh xa T : X — X dugc goi 1a théa méan diéu kien (B) suy rong lien két

voi f: X — X néu ton tai hiang s6 6 € (0,1) va L > 0 sao cho

d(Tz,Ty) < OM(z,y) + Lmin {d(fz, Tz),d(fy, Ty),d(fz, Ty),d(fy, Tx)}
(1.2)
v6i moi z,y € X, trong do
M(ayy) = max {d(fa, fo) (. To). d( F T),

d(fx, Ty) + d(fy, TSU)}
. .

1
1.1.7 Vidu ([1], Example 1.10). Cho X = {O, X 1} v6i métric thong thuong

1
_ —, néu z € {0,1},
vaT: X — X v6iTe =< 2
0, néu z = 1.



Khi d6 T théa man diéu kién (B) suy rong.
1
Ching minh. Truong hgp 1: x =0,y = 5 Ta co
1 1

1
d(0,5) +d(5, )
11 1 1 11 9 279
I\« -z
d(2,2) < dmax ¢ d(0 d(0 d(2,2), 5

75)7 75)7

1 11 1 11
Lmin < d(0,=),d(=,=),d(0,=),d(=, =
+ mln{ (072)7 (272)7 (O’ 2)7 (272)}
1 P
hay 0 < (55. Khi dé6 bat dang thic (1.2) ding véi moi § € (0, 1).
Truong hop 2: © =0,y = 1. Ta ¢6

1
5,0) < dmax < d(0,1),d(0, 5),d(1,0), 5

d(

+L min {d(o, %), d(1,0),d(0,0),d(1, %)}

1 L e 1
hay 5 < 0. Khi d6 bat dang thic (1.2) ding v6i moi 6 € [5, 1).
1
Truong hop 3: x = §,y =1. Taco

1 1
alo<s at a5 ano M50+ d5)
(5? )\ max (57 )7 (575)7 (7 )7 9

+L min {d(%, %), d(1,0), d(%, 0),d(1, %)}

1 L e 1
hay 5 < 6. Khi d6 bat dang thite (1.2) ding v6i moi § € [5, 1).
1
Truong hop 4: x = §,y =0. Ta co

(5, 5) +d(0, 3)

1 11 1 5




) 11 1 11 1
—|—L min {d(§7 5), d(O, 5), d(a, 5), d(O, 5)}

1 7 2
hay 0 < 55. Khi d6 bat dang thitc (1.2) ding v6i moi § € (0,1).

Truong hop 5: x =1,y = 0. Ta ¢6
1
1 1 d(1,§) +d(0,0

1
)< 1 1.2 -

1 1

+Lmin {d(l, 0),d(0,5).d(1,3), d(0. 0)}

1 L e 1
hay 5 < 0. Khi d6 bat dang thic (1.2) dang v6i moi 6 € [5, 1).

1
Truong hop 6: x =1,y = R Ta co

1 1
400, 1) < smax { d(1,2),d(1,0),d(2), 1) g+ 50
) 2 — ma"X ) 2 ) ) ) 2 ) 2 ) 2

+L min {d(l, 0). d(%, %), a1, %), d(%, 0)}

1 . 1
hay 3 < 0. Khi d6 bat dang thic (1.2) dung v6i moi 6 € [5, 1).
Mat khac, T khong thoa man dieu kien (B). That vay, véi x = 3 ¥ = 1,

ta co

1 1 11 1 1
Z < z ; i z Z
d(2,0) < 5d(2, 1) + Lmin {d(2, 2),d(l,O),d(2,0),d(1, 2)}
1 N Z 2

< 55. Do d6 khong ton tai 6 € (0,1) thoa bat dang thic (1.1). O

hay

N | —

1.2 Khéng gian kiéu-métric

Trong muc nay, ching toi trinh bay nhitng kién thitc co ban vé khong gian

kiéu-meétric dugc sit dung trong deé tai.



1.2.1 Pinh nghia ([16], Definition 2.7). Cho X la mét tap khac rong, K > 1
1a mot s6 thyc va D : X x X — [0, 00) 1a mot ham théa man cac diéu kien sau
(1) D(x,y) = 0 khi va chi khi z = y.
(2) D(z,y) = D(y,x) v6i moi x,y € X.
(3) D(x,z) < K [D(z,y1) + ...+ D(yn, 2)] v6i moi z,41,...,Yn, 2 € X.
Khi dé6, D duge goi 1a mot kiéu-meétric tren X va (X, D, K) dugc goi 1a mot
khong gian kiéu-métric.
1.2.2 Nhan xét. (1) (X, d) la mot khong gian métric khi va chi khi (X, d, 1)
13 mot khong gian kiéu-métric.
(2) Trong [17] cac tac gia da xét mot khong gian kiéu-métric khéc, trong do
dieu kién (3) ctia Dinh nghia 1.2.1 dugc thay béi diéu kien sau
D(z,z) < K [D(z,y) + D(y, z)] (1.3)
v6i moi z,y, z € X.
1.2.3 Dinh nghia ([16], Definition 2.8). Cho (X, D, K) la mot khong gian
kieu-métric va {x,} 1a mot day trong X. Khi d6

(1) Day {z,} dugc goi 1a hoi tu dén z, ki hieu 1a lim z,, = 2, néu lim D(z,,z) = 0.

n—oo n—oo

Khi dé x duge goi la diém gidi han cta day {z,}.

(2) Day {z,} dugc goi 1a mot day Cauchy néu lim D(x,,,z,) = 0.

m,n—00
(3) Khong gian (X, D, K) dugc goi 1a day di néu mdi ddy Cauchy trong X

1a mot day hoi tu.

1.2.4 Vi du. Cho X = {0,%,1},[{: ; va
11



10
Khi d6 (X, D, K) 1a mot khong gian kiéu-métric nhung (X, D, 1) khong phai
la mot khong gian métric.

Chatng minh. That vay, diéu kien (1) va (2) trong Dinh nghia 1.2.1 la hién
nhién. Ta kiém tra diéu kién (3) trong Dinh nghia 1.2.1.

1 . )
Truong hop 1: . =0,y = X Ta c¢6 the gia thiet y1 = ... =y, = 1.
Khi do
1 3 1
D(0, 5) =1< 5(3 +1) = (D(O, 1)+ D(1, 5))
p 2 2 .2 « L 1
Truong hop 2: ¢ =0,y = 1. Ta c6 the gia thiet y; = ... =y, = 3
Khi do
3 1 1
D(0,1)=3< §(l+1) =K D(O,§)—|—D(§,1)
N 1 2 2 .2 « L
Truong hop 3: z =1,y = 3 Ta c6 the gia thiet y; = ... =y, = 0.
Khi do
1 3 1
D(1, 5) =1< 5(3 +1)=K ( D(1,0) + D(0, 5)

Vay (X, D, K) la mot khong gian ki¢u-métric.

1 1 .
Ta c6 D(0,1) =3 < (1+1) = D(0, 5) + D(§, 1). Dieu nay la vo 1i nén
(X, D, 1) khong phai 1a mot khong gian métric. O

Trong tai lieu [11], cac tac gid da ching t6 rang kiéu-métric D trong Dinh

nghia 1.2.1 la mot anh xa khong lién tuc.

1.2.5 Nhan xét. Trong khong gian kiéu-métric, topo dude hiéu 1a topo cam
sinh béi sy hoi tu clia né. Dieu nay c6 nghia 1a tap U md trong khong gian

kiéu-métric khi va chi khi v6i mdi = € U, lim x, =  thi ton tai ng sao cho
n—-aoo

z, € U v6i moi n > ng. Khi do, kieu-métric D : X x X — [0, +00) la lién
tuc tai (z,y) néu va chi néu lim D(zy,,y,) = D(x,y) véi moi day {z,}, {y.}
n—o0

ma lim x, =z, lim y, =y.
n—-aoo n—-ao0
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CHUONG 2

DINH Li PIEM BAT PONG CHUNG CHO HAI
ANH XA THOA MAN DIEU KIEN (B) SUY
RONG TRONG KHONG GIAN KIEU-METRIC
VA AP DUNG

2.1 Dinh li diem bat dong chung cho hai anh xa
théa man diéu kién (B) suy rong trong khéng

gian kiéu-métric

Trong muc nay chiing t6i mé rong nhitng két qua vé dinh 1i diem bat dong
cho hai anh xa théa man diéu kien (B) suy rong trong khong gian métric &
tai lieu [1] sang khong gian kiéu-métric. Két qua la ching toi da thiét lap va
chiing minh duge hai dinh 1i: Dinh 1i 2.1.6, Dinh 1i 2.1.8 va hai hé qua: He
qua 2.1.7, Hé qua 2.1.9.

Twong tu Dinh nghia 1.1.2, Dinh nghia 1.1.5, Dinh nghia 1.1.6, ching to6i

gi6i thiéu nhing khai niém sau.

2.1.1 Dinh nghia. Cho (X, D, K) la mot khong gian kiéu-métric. Anh xa

T : X — X dugc goi 1a thoa man diéu kién (B) néu ton tai hang sb
1

J € (O,E) va L > 0 sao cho

D(Tz,Ty) < 6D(z,y) + Lmin{D(z,Tz), D(y,Ty), D(x,Ty), D(y, Tx)}
(2.1)



12

v6i moi x,y € X.

2.1.2 Dinh nghia. Cho (X, D, K) 1a mot khong kiéu-gian métric va hai anh
xa f,T: X — X théa man T'(X) C f(X) va 2o € X. Chon z; € X sao cho

fx1 = Txo. Tiép tuc qua trinh nay, ta chon x;,1 € X sao cho
ka—i—l = Tl’k,k = 0, 1,2, oo
Khi dé day {fz,} dudc goi 1a mot T-day v6i diém bat dau .

2.1.3 Dinh nghia. Cho (X, D, K) 13 mot khong gian kiéu-métric. Anh xa
T : X — X dugc goi 1a théa man dieu kien (B) suy rong lien két voi

L s . . 1
f:X—>Xnéut6ntaihéngs()(5€(O,E) va L > 0 sao cho

D(Tz,Ty) < 0M(x,y)+Lmin{D(fx,Tx), D(fy, Ty), D(fz,Ty), D(fy,Tx)}
(2.2)

véi moi z,y € X, trong do

M) = max { DUfz. f0), D(f, Ta), D T).

fx,Ty) + D(fy, Tr) }
> .

2.1.4 Nhan xét. Anh xa T théa man didu kién (B) la mot anh xa thdéa man

diéu kién (B) suy rong vdi anh xa lien két f 1a 4nh xa dong nhat.

2.1.5 Vi du. Cho X = {0, % 1} va

1 1 1 1

D(0, 5) = D(E, 0) = D(i’ 1) = D(1, 5) =1,D(0,1) = D(1,0) = 3.
Khi d6, D 1a mot kiéu-métric tren X véi K = g
1
— neu x € {0, }
Diat T: X — X v6i Tx = 2

0 néuz=1.

Anh xa T thoa man diéu kien (B) suy rong nhung khong théa man diéu
kién (B).
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1
Chiing minh. Truong hop 1: x =0,y = 3 Ta co

1 11
D(0,5) + D(5, )
11 1 1,11 P 33
O\« Z Z i
D(5,5) < §max  D(0,5). D(0, ), D(5. 5), 5

1 11 1 11
Lmin< D(0,=),D(=,=),D(0,=), D(=, =
i { D(0,5), DG 5. 00,50 3
L as 2
hay 0 < §. Khi d6 bat dang thic (2.2) ding v6i moi § € <0’§)’
Truong hop 2: =0,y = 1. Ta ¢6

1
1 1 D(0,0) +D(1,§)
D(évo) <5max D(Oa1)7D(07§)7D<170)7 9

+L min {D(O, %), D(1,0), D(0,0), D(1, %)}

P 1 2
hay 1 < 34. Khi d6 bat dang thic (2.2) ding v6i moi § € {g, g)

1
Trudng hgp 3: x = E,y =1. Taco

1 1 11 D(§,0)+D(17§)

+Lmin {D(%, 5).D(1,0), D(5,0), (1. %)}

P 1 2
hay 1 < 34. Khi d6 bat dang thic (2.2) ding v6i moi § € {— —).

1
Truong hop 4: x = 27 y=0.Taco
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11 1 11 1
Lmind D(=,=),D(0, =), D(=, =), D(0, =
- mln{ (2,2), (0, (2,2), (0, )}

L ez 2
hay 0 < §. Khi d6 bat dang thiic (2.2) ding v6i moi § € (O, §>
Truong hop 5: x =1,y = 0. Ta c6
1
1 1 1 D(1,=)+ D(0,0

2
)< -
D(0, 2) < dmax ¢ D(1,0), D(1, 2), D(0, 2), 5

+Lmin {D(l, 0), D(0, %), D1, %), Do, 0)}

£ 32 1 2
hay 1 < 34. Khi d6 bat dang thic (2.2) ding v6i moi § € lg, §>

1
Truong hop 6: x =1,y = 3 Ta co

1 1
I |1 DL3)+ DG,

O)
1 2
D(0,-) < D(1,-),D(1 D

(072) — 6max ( 72)7 ( 70)7 (272)7 2

+me{0(1,0),0(%,%),0(1,%),0(1 0)}

P 1 2
hay 1 < 34. Khi d6 bat dang thic (2.2) ding v6i moi § € [g, §>

N 1 2
Vay T thoa man dieu kién (B) suy rong véi § € [§’ §> va L > 0.
. 1
Mit khéc, T khong théa man diéu kién (B). That vay, véi x = 3¥= 1

thi ta co
D0y =1<5=6DE 1)+ Lmind DY) D10y, DL 0), D1, L
27 - —_ - 27 min 27 2 ) b ) 27 ) 72
Do dé6 khong ton tai § € (0,1) dé bat dang thic (2.1) xay ra. O

2.1.6 Dinh li. Cho (X, D, K) la mot khong gian kiéu-métric va hai dnh za
f,T: X — X thoa man
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(1) D la mot ham lién tuc.
(2) T(X) C f(X).
(3) T thod man dieu kién (B) suy rong lién két vdi anh za f.
(4) f(X) hodc T(X) la mot khong gian con day di cia X.
Khi dé f va T ton tai mot diém tring va ¢id tri trang la duy nhat.

Ching minh. Lay xo € X bat ki va {fz,,} 1a mot T-day véi diém béat dau x.
Ta co
D(Tx,, Txy—1) < 6M(xy, vp—1) + Lmin {D(f:cn, Txy), D(frp—1,Txn 1),
D(fx,, Tr,_1), D(fxn_l,T:cn)}
< oM (xp, y—1) + Lmin {D(f:z:n, frni1), D(fan_1, frn),
D(fan, fxn), D(fon-1, fTni1)}
hay
D(fxn, frne) < M (xp, 2p-1) (2.3)

trong do
M (zxy, xp—1) = max {D(fa:n, frn_1), D(fan, Txy), D(frn—1, Tx,—1),

D(fmna Txn—l) + D(fxn—la fxn—i-l) }
2
= max { D(fan, 1), D(f, fns) D, foa),
D(fl'n, fxn) + D(fxn—ly fxn—i—l) }

2
= mnax {D(fxn; fxn—1)7 D(fxn; fxn—i-l)? D(fxn_; fxn—'_l) }

Truong hgp 1: Ton tai n sao cho M (zy, 1) = D(fxn, fr,_1).
T (2.3) ta c6

D(fxnafxn—i-l) S 5D(fxmfxn—l)- (24)
Truong hop 2: Ton tai n sao cho M (xy, 1) = D(fxn, fTni1).
T (2.3) ta c6
D(f$n7 fanrl) S (5D(f$n, fanrl)



16

1
Vié e (0, ?) nén D(fxy, frns1) = 0. Suy ra

D(fxy, frni) < ID(fxp, fro—1). (2.5)

D(fn—1, frns1)
: .

Truong hop 3: V6i moi n ta ¢6 M (z,, x,-1) =
T (2.3) ta c6

D(fxn, frpe1) < 5D(fxn_21,f£13n+1)
_ 0K [D(fxn-, fn) + D(fn, fn11)]
2

Vay

0K

<
D(fxnafxn—l—l) =9 _§K

D(fxp_1, fr,) <IKD(fr,_1, fr,) (2.6)
T (2.4), (2.5), (2.6) ta thu dugc
D(fxp, frni1) <OKD(fx, 1, fr,) < ... < (0K)" D(fxo, fz1).

V6i m > n, ta co

D(fxma fxn) S K [D(fxna fmn—i-l) + D(fxn—O—l; fxn—i-Q) +.. D(fl'm_l, fxm)]
< K[(0K)"+ (6K)"™ 4+ ...+ (6K)™ ] D(fxo, fz1)

(0K)™
<K D :
< Ko—7=D(fxo, fa1)
Tw dé suy ra lim  D(fxy,, fr,) =0. Vay day {fz,} 1a mot day Cauchy.
mM,n—00

Néu f(X) l1a mot khong gian con day du ctia X thi ton tai p € f(X) sao
cho h_)m fx, = p. Khi d6 ton tai u* € X sao cho fu* = p. Ta c6
D(p. Tu)
< K[Dp, frni1) + D(frns, Tu")]
= KD(p, frni1) + KD(Tx,, Tu*)
< KD(p, fay+1)
+J K max {D(f:z:n, fu*), D(fxn, Txy,), D(fu*, Tu*), DUfan, T") ; bijw, Txn)}
+LK min{D(fx,, froi1), D(fu*, Tu*), D(fr,, Tu*), D(fu*,Tx,)}.

Cho n — oo, st dung tinh lién tuc cia D ta c6
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D(p,Tu*) < KO+ 0K max< 0,0, D(p, Tu*),
+L min {0, D(p, Tu*), D(p, Tu*),0}.
T d6 suy ra D(p, Tu*) < 6K D(p, Tu*). Vi K € (0,1) nén D(p,Tu*) =0

D(p, Tu*) + 0}
2

hay fu* =p="Tu".

Néu T(X) 1a mot khong gian con day du thi ton tai ¢ € T(X) sao cho
lim Tz, = ¢ Vi T(X) C f(X) nén g € f(X) va h_r>n fx, = q. Ching
n—~ao0 n oo

minh tuong tu nhu trén ta c6 u* € X sao cho fu* =q="Tu".
Tiép theo ta chiing minh tinh duy nhat ctia gia tri trung. Gia st rang ton
tai p,p* sao cho p =Tu = fu va p* =Tu* = fu*. Khi do
D(p,p*)
= D(Tu,Tu")
< 6max{D(fu fu*), D(fu, Tu), D(fu*, Tu?), D(f“’T“*);DU“*’T“)}
+Lmin {D(fu, Tu), D(fu*, Tu*), D(fu, Tu*), D(fu*,Tu)}
= dmax ¢ D(p,p*), D(p,p), D(p*,p*), D(p’p*);D(p*’p)}
+Lmin {D(p,p), D(p*,p"), D(p,p*), D(p*,p)}
= 0D(p,p").
Suy ra D(p,p*) < D(p,p*). Vid € (0, %) nén D(p,p*) =0 hay p=p*. O

2.1.7 Hé qua. Cho (X, D, K) la mot khong gian kiéu-métric day di, D la
mot ham lién tuc va T : X — X thod man dicu kien (B). Khi dé T c6 diém

bat dong duy nhat.

Chaing minh. Ap dung Dinh 1f 2.1.6 v6i f 1a anh xa ddng nhat ta c6 didu phai
chiing minh. O

2.1.8 Dinh li. Cho (X, D, K) la mot khong gian kiéu-métric va hai dnh za
f,T: X — X thoa man

(1) D la mot ham lién tuc.

(2) T théa man dieu kién (B) suy rong lién két vdi dnh za f.
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(3) f(X) hodc T(X) la mot khong gian con day di cia X.
(4) T(X) C f(X).
(5) Cap (f,T) tuong thich yéu.

Khi dé f va T c6 diém bt dong chung duy nhat trén X.

Chiing minh. Tt Dinh 1f 2.1.6 ta c6 f va T c¢6 gia tri trung duy nhat va (f,T')
tuong thich yéu. Khi dé, theo Bo dé 1.1.4 ta suy ra dudc diéu phai ching
minh. ]

2.1.9 Hé qua. Cho (X, D, K) la mot khong gian ki€u-métric va hai dnh za
\ 1

f,T:X — X théa man T(X) C f(X), ton tai d € (0, K) va L > 0 sao cho

D(Tx,Ty) < ém(z,y) + Lmin { D(f(x),T), D(fy, Ty),

D(fx,Ty), D(fy, Ty), D(fy,Tx)} (2.7)

vdi moi x,y € X , trong do
m(z,y) = max {D(fx, ). D(fx,Tx) —QF D(fy,Ty)7 D(fy,Tx) —; D(fz,Ty) }

Néu f(X) hodc T(X) la mot khong gian con day di cia X thi cap (f,T) cé
mot gid tri trung. Hon nita, néu cap (f,T) tuong thich yéu thi f va T c6 diem

bat dong chung duy nhat.

Chatng minh. Bat dang thitc (2.7) 1a dang dic biét clia bat dang thitc (2.2)
nen két qua dugce suy tryc tiép tu Dinh 1f 2.1.8. O]

2.2 Vi du minh hoa va mot s6 hé qua

Tu Dinh 11 2.1.6, Hé qua 2.1.7, Dinh 1i 2.1.8, Hé qua 2.1.9 va Nhan xét 1.2.2

ta chiing minh dugc mot s6 dinh 1f va hé qua sau.

2.2.1 Dinh 1i ([1], Theorem 2.1). Cho (X,d) la mot khong gian métric va
f,T: X — X thoa man
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(1) T(X) C f(X).

(2) T thod man dieu kién (B) suy rong lién két vdi anh za f.

(3) T(X) hodgc f(X) la mot khong gian con day di cia X.
Khi dé f va T c6 gid tri trung duy nhat.

Chatng minh. Thay K = 1 & Dinh 1i 2.1.6, ta suy ra dugc diéu phai chiing
minh. ]

2.2.2 Dinh li ([1],Theorem 2.2). Cho (X,d) la mot khong gian métric va hai

anh za f,T : X — X théa man cdc dieu kién sau
(1) T théa man dieu kién (B) suy rong lién két vdi anh za f.
(2) f(X) hodc T(X) la mot khong gian con day di cia X .
(3) T(X) € f(X).
(4) Cap (f,T) tuong thich yéu.

Khi dé f va T cé diém bt dong chung duy nhat trén X.

Chatng minh. Thay K = 1 ¢ Dinh 1f 2.1.8, ta suy ra dugc diéu phai ching
minh. ]

2.2.3 Hé qua ([1], Corollary 2.3). Cho (X,d) la mot khong gian métric va
hai anh za f, T : X — X théa man T(X) C f(X), ton tai 6 € (0,1) va
L >0 sao cho d(Tz,Ty)

< ém(z,y) + Lmin {d(f(x),T),d(fy, Ty),d(fz, Ty),d(fy,Ty),d(fy, Tz)}
(2.8)

vdi mot x,y € X , trong do

d(fx, Tx) +d(fy, Ty) d(fy,Tx)+d(fz,Ty) }

o) = s {d(f. ), : , 2
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Néu f(X) hodc T(X) la mot khong gian con day di cia X thi cap (f,T) c6
mot gia tri tring. Hon nda, néu cip (f,T) tuong thich yéu thi f va T cé mot

diém bat dong chung duy nhat.

Chitng minh. Thay K = 1 6 He qua 2.1.9, ta suy ra dugc diéu phai chiing

minh. ]
1

2.2.4 Vi du. Cho X = {0, 3 1,2} va

D(0,0):D(%,%) —D(1,1)=D(2,2) =0,

D<O,%) :D<%,O) :D(%,Q) :D(Q,%> D2 =D@21) =1,

D(l,%) :D<%,1> — D(0,1)=D(1,0)= D(0,2) = D(2,0) = 3.

. 3
Khi do, (X, D) 1a mot khong gian kieu-métric véi K = 5

—néuxE{O,—}
Dit T: X — X v6i Te = { 2 2
0 néu z = {1,2}
.
0,z=0
1 1
_71?:_
f: X —Xvéi fr=< 2
2,x =1
1,z =2.

\
Khi d6 T(X) C f(X) vacap (f,T) la tuong thich yéu tren X va T théa man
R 1 2
dieu kién (B) suy rong véi § € 33 va L > 0.
Mit khac, (f,T) théa man gia thiét ctia Dinh 1 2.1.8 nén f va T c6 diém bat

dong chung duy nhét.

1 1 1
Chiing minh. Ta c6 x = §,f$ =Tr = 5 thi T'fx = 5= fTz. Vay T(X) C
f(X) vacap (f,T) la tuong thich yéu.
N 1
Bay gio ta ching minh 7" théa man dieu kién (B) suy rong véi 6 = 3 VA
L=0.
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1
Truong hop 1: x =0,y = 5 Ta co

11
1 1 1 1 D(0,0) + D( )

O 2’2
D D
72)7 ( 72)7 (272)7 9

11
— )<
D(2, 2) < dmax< D(0

+L min {D(O, %), D(%, %), D(0,0), D(%, %)}

L ez 2
hay 0 < §. Khi d6 bat dang thic (2.2) ding v6i moi § € (O, §>
Truong hop 2: © =0,y = 1. Ta ¢6

1
. D(0,0) + D(2

1 '5)
D(§7O) S(Smax D(Oa2)7D(Oa§)7D(27O)7 9 2

+L min {D(O, %), D(2,0), D(0,0), D(2, %)}

L e 1 2
hay 1 < 34. Khi d6 bat dang thic (2.2) ding v6i moi 0 € lg, §>
Truong hop 3: x =0,y = 2. Ta c6

1 D(0,0) + D(l,%)

1
D(3,0) < §max § D(0,1), D(0, 5), D(1,0), >

P 1 2
hay 1 < 34. Khi d6 bat dang thic (2.2) ding v6i moi § € [5, §>

,y=20.Ta co

1
Truong hop 4: x = 5
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£, 22 2
hay 0 < §. Khi d6 bat dang thiic (2.2) ding v6i moi § € (O, 5)

1
Truong hop 5: x = §,y =1. Taco

11 1 1

Lmin?d D(=,>), D(2,0), D(=,0), D(2, =

+ mm{ (2,2), (2,0), (27 ), (,2)}
1 2

hay 1 < 3§. Khi d6 bat dang thiic (2.2) ding véi moi § € [5’ 5)

1
Truong hop 6: x = §,y = 2. Ta co

+Lmin{D(%,%),D(1,O),D(1 0),0(1,1)}

2’ 2
T . ) . 12
hay 1 < 34. Khi d6 bat dang thic (2.2) ding v6i moi 6 € [g, §)
Truong hop 7: x =1,y = 0. Ta ¢6
1
1 1 D(2,§)+D(0>0)
D(Ové) §5max D(2a0)7D(270)7D(07§)7 9
: 1 1
+L min {D(Z,O),D(O, 5),D(2, 5),D(0,0)}
T . . o 12
hay 1 < 34. Khi d6 bat dang thic (2.2) ding v6i moi 6 € [g, §)
1
Truong hop 8: x =1,y = 5 Ta co
1 1
D(0,2) < smax { D©,2), D(2,0), D(%, 3 Pyt G0
pa— m pa— R —
) 2 — ax Y 2 Y Y Y 27 2 Y 2
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+L min {D(2, 0), D(%, %), D(2, %) + D(%, O)}

L. a2 1 2
hay 1 < 34. Khi d6 bat dang thic (2.2) ding v6i moi 6 € [3’ §)

Truong hop 9: x =1,y = 2. Ta c6

D(0,0) < d max {D(Q, 1), D(2,0), D(1,0), D(2,0) + D(l,O)}

2

+Lmin{D(2,0), D(1,0), D(2,0), D(1,0)}

P 2
hay 0 < 34. Khi d6 bat dang thic (2.2) ding v6i moi § € (O, §>

Truong hop 10: z =2,y = 0. Ta c6

1
1 1. D(L,5)+ D(0,0)
D(O7§) S(SHI&X D(170)7D(170)7D(07§)7 9
: 1 1
—I—me{D(l,O),D(O, 5),D(1,§),D(0,0)}
. 2 2 e . ]. 2
hay 1 < 34. Khi d6 bat dang thite (2.2) ding v6i moi 6 € [g, §)
1
Truong hop 11: x =2,y = 5 Ta c6
1 1
D(0, %) < dmax d D(0,2), D(1,0), D(%, %) Pyt PG0
I 2 f— max Y 2 Y Y ) 27 2 ) 2

11 1 1
in< D(1 D(=,=-),D(1,=),D(=
+Lain { D(1.0). 0. 3,001 ). 0.0}
12

hay 1 < 3§. Khi d6 bat dang thic (2.2) dang véi moi § € 33

).

Truong hop 12: x =2,y =1. Ta cod

D(0,0) < d max {D(l, 2), D(1,0), D(2,0), D(1,0) + D(2,0)}
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+Lmin{D(1,0), D(2,0),D(1,0), D(2,0)}

hay 0 < 36. Khi d6 bat dang thic (2.2) ding v6i moi § € <0, g)
Vay T théa man dicu kién (B) suy rong trong va cap(f, T') thoa man gia thiét
ctia Dinh li 2.1.8 nén f va T c¢6 diem bat dong chung duy nhat.

Mat khéc, vi D(0,2) =3>1+1= D(0, %) + D(%, 2) nén D khong phai
la mot métric trén X. Do d6 Dinh li 2.2.2 khong duge ap dung cho f va T
tren (X, D, 1). O
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KET LUAN VA KIEN NGHI

1 Két luan

Dé tai da dat dugc nhiing két qua sau.
- Chi tiét hoa vi du vé 4nh xa théa man diéu kieén (B) suy rong ma khong
thoa man diéu kien (B) trong khong gian métric: Vi du 1.1.7
- Gi6i thigu khai niem diéu kién (B), T-day, diéu kien (B) suy rong trong
khong gian ki¢u-métric: Dinh nghia 2.1.1, Dinh nghia 2.1.2, Dinh nghia 2.1.3.
- Thiét lap va chitng minh duge dinh 1f diém bat dong chung cho hai dnh xa
théa man diéu kién (B) suy rong trong khong gian kiéu-métric: Dinh 1f 2.1.6,
Heé qua 2.1.7, Dinh 1i 2.1.8, Hé qua 2.1.9; 4p dung nhiing két qua nay chiing
minh mot 6 dinh 1i vA he qua ¢ tai lieu [1]: Dinh 1i 2.2.1, Dinh 1i 2.2.2, He
qua 2.2.3; xay dung duge vi du minh hoa anh xa thda man dieu kién (B) suy
rong nhung khong thoa méan diéu kién (B) trong khong gian ki¢u-métric va
vi du minh hoa cho Dinh 1i 2.1.8: Vi du 1.2.4,Vi du 2.2.4.

Cac két qua trén da dugc trinh bay trong Hoi nghi sinh vién nghién citiu
khoa hoc nam 2013, Truong Dai hoc Dong Thap [20] va mot ban thio bai
béo khoa khoa hoc [9].

2 Kién nghi

Dé tai c6 the phat trién theo cac huéng sau:
- B6 sung mot sb gia tri méi vao diéu kien co.

- Thay khong gian ki¢u-métric bdi khong gian métric suy rong khéc.
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